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RICHARD PENNEY AND ROMAN URBAN 

Abstract. Let 5' be a semi direct product S = N x A where is a 
connected and simply connected, non-abelian, nilpotent meta-abclian Lie 
group and A is isomorphic with R'^', fc > 1. We consider a class of second 
order left-invariant differential operators on S of the form Ca = i° + , 
where a G MJ^, and for each left-invariant second order 

differential operator on N and = A — (a, V), where A is the usual 
Laplacian on R'^. Using some probabilistic techniques (e.g., skew-product 
formulas for diffusions on S and N respectively) we obtain an upper 
bound for the Poisson kernel for £a ■ We also give an upper estimate for 
the transition probabilities of the evolution on N generated by L'^^*\ 
where tr is a continuous function from [0,oo) to R*^. 



1. Introduction 

1.1. Poisson kernel on NA groups. Let S he a semi direct product S = 
N >i A where is a connected and simply connected, non-abelian, nilpotent 
Lie group and A is isomorphic with M.''} The dimension of A is called the 
rank of S. For s G S" we let x{g) = x and a{g) = a denote the components 
of s in this product so that g = (x, a). 

In what follows we identify the group A, its Lie algebra a, and o*, the 
space of linear forms on a, with the Euclidean space endowed with the 
usual scalar product (■, ■) and the corresponding norm || ■ ||. For the vector 
f e we write = v ■ v = {v, v) = "^^^i vf. 

We assume that there is a basis Xi , . . . , Xd for n that diagonalizes the 
A-action. Let Ai,...,Ad G a* = M*^ be the corresponding roots, i.e., for 
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every H E a, [H,Xj] = Xj{H)Xj, j = 1,. . . ,d. As in [4] we assume that 
there is an element G M.'' such that 

Xj{Ho) > for 1 < J < 

Let, for a = (ai, . . . , a^) G M'^ and real d/s, 

r 

(1.1) ^c. = Yl (e'^^^^^^l + dj^^^'^'^X,) + A,, 

i=i 

where, for a G M'^, 

k 

(1-2) A^ = Y,{dl-2a,d.J, 

i=l 

and Xi, . . . , Xr satisfy Hormander condition, i.e., they generate the Lie 
algebra n of A^. Then is a left-invariant differential operator on S. Define 

d 

(1.3) Po = 5^A,- 

i=i 

and set 

(1.4) x(^7) = det(Ad(^?)) = e''«('^), 
where 

M{g)s = gsg''\ s e S. 
Let ds be left-invariant Haar measure on S. We have 

f{sg)ds = xig)'^ / fis)ds. 
Js Js 

Let 

A+ = Int{a G R'' : Xj{a) > for 1 < j < r}. 

Remark. It is clear that we could have used all of the roots in defining 
since from the Hormander condition the span over N of Aj, 1 < j < r 
contains all of the roots. 

If a G then there exists a Poisson kernel v for [4]. That is, there 
is a C°° function u on N such that every bounded ^Q-harmonic function F 
on S may be written as a Poisson integral against a bounded function / on 
S/A = N, 

Fig) = [ f{gy)y{y)dy = [ fiy)u^iy-'x)dy, 

Js/A JN 

where 

z>'^(l/) = u{a-^y~^a)x{ar\ 
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Conversely the Poisson integral of any / G ( A^) is a bounded £a-harmonic 
function. 

For t e M+ and p e A+, let 

5f = Ad((logt)p)U. 

Then t i— )■ (5f is a one parameter group of automorphisms of for which the 
corresponding eigenvalues on n are all positive. It is known [12] that then 
N has homogeneous norm: a non-negative continuous function | ■ |p on 
N such that \n\p = if and only if n = e and 

For many years the best pointwise estimate in higher rank available in the 
literature was 

i^{x) < C,il + \x\,)-' 

for some e > 0, where p G A'^ ([4, 5]). This estimate was significantly 
improved by the authors in [17, 18]. Assume that the rank (dimension of 
A) is k > 1. Let u be the Poisson kernel for the operator Ca with a G A'^. 
A simplified version of [17, Theorem 1.2] says 

Theorem 1.1 ([17, Theorem 1.2]). For every given p G A~^ there exist 
positive constants C and c ^ such that the following estimate holds 

where 7(a) = 2mini<j<j, ^^^^ and po is as in (1.3). 

A different estimate, for p = a is given by the following 

Theorem 1.2 ([18, Theorem 1.1]). For all q > 1 there exists a constant 
Cq = Cq^a > such that for all x & N, the following estimate holds 

Ka;) < C,(l + |xU)-|^("\ 

where 7(0;) = 2mini<j<r ~4^' 

1.2. Statements of the main results. As it is noted in [17, 18] the esti- 
mates given in Theorems 1.1 and 1.2 above are not optimal. In this work we 
consider the case where A^ is a non-abelian, nilpotent, meta-abelian group, 
obtaining a more explicit estimate for the Poisson kernel in this setting. 
Specifically, we assume that 

AT = M X 1/ 

where M and V are abelian Lie groups with the corresponding Lie algebras m 
and 0. Let {Yi, . . . , Ym} and {Xi, . . . , X„} be bases for m and respectively 



The constant c can be computed explicitly. Moreover, c — !> as p — > dA 
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such that {Yi, . . . , Y^, Xi, . . . , X„} forms an ordered Jordan-Holder basis for 
the Lie algebra n of A^, ordered so that the matrix of adx in this basis is 
strictly lower triangular for all X G n. We use these bases to identify M and 
V with and M" respectively. For x & N we let m(a;) = m and v{x) = v 
denote the components of x in this product so that x = (m, w). 

We assume also that the {Yi} and {Xj} are eigenvectors for the adn, 
H E a, action, i.e., there are ^i, . . . , £ tri* and -^i, . . . , -^^ G 0* such that 
for every H E a, 

ad^, = [if, y,] = UH)Y,. 1 < i < m, 
&<1h Xi = [H, Xj] = ^j{H)Xj, l<j<n. 
We assume that there exists an such that 

^i{H„) > and ^j{Ho) > for 1 < z < m, 1 < j < n, 

i.e. 

The Jordan- Holder property implies that in the {Yi} basis on m, ad^ is 
strictly lower triangular for all X G D. 

To simplify our notation we write A to denote the set of roots 

A = {ei,---,em,^?i,...,^?n} = sue, 

where 

={^ly • • • ! ^m}, 
&={^U...,^n}. 

For Ao C A and a G A'^ we set 

7Ao(a) = minA(a), 
AeAo 



AeAo 

For simplicity we assume that all of the dj in (1.1) are zero. Hence, in this 
case, we define 

m n 

(1.6) = A„ + ^ e2«^(")y;2 + ^ e'^^'^'^^X]. 

In this setting our first main result is the following. 

Theorem 1.3. Let v he the Poisson kernel for the operator Ca, defined in 
(1.6), with a G A"*". Under the above assumptions on N, for every p G 
and e > there exists a constant C = Cp^^ > such that 

uim,v)<Cil + \im,v)l)-\ 
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where 

{|7e(p)7e(«) + |7a(p)7a(«) for \\m\\ > e and \\v\\ > e, 

7G(p)7e(«) for \\v\\ > e, 

7a(p)7a(«) for \\m\\ > e. 

For the estimates for the Poisson kernel and its derivatives on rank-one 
NA groups, i.e., dim A = 1, see [9, 8, 22, 3, 7]. 

The proof of Theorem 1.3 requires both analytic and probabilistic tech- 
niques. Some of them were introduced in [4] and used in [6, 9, 8, 17]. In 
particular, we use the following skew-product formula for the semigroup Tf 
generated by on a general NA group, 

(1.7) Ti/(x,a) = E„[/'^(0,t)/(x,at), 

where the expectation is taken with respect to the diffusion at on Mf^ gen- 
erated by Aq,, i.e., the Brownian motion with drift, and ^{s^t) is the 
evolution generated by L'^' where a G C([0, oo),M'^) and, for a G M^', 

m n 

(1.8) L^ = Y. e^^'^'X^ + e'"^^"^^!- 

Thus ^{s^t) is the (unique) family of bounded (on appropriate space of 
functions on A^) convolution operators U'^{s,t)f = f*P'^{t, s), with smooth 
kernels (transition probabilities) P'^{t,s), which have some properties gen- 
eralizing semigroup property (see p. 10). The idea of such a decomposition 
of the diffusion on S goes back to [15, 16]. 

In order to get estimates for the Poisson kernel it is necessary to have 
estimates for P'^{t,0){x). The best general result we are aware of in the 
literature would, when specialized to our current context, be Theorem 1.4 
below. See [6, 8] and [17]. 

Let 



:i.9) A^{s,t) = Y, re^AK)^^. 



aga ' 

Theorem 1.4. Let K G N be closed and e ^ K. Then there exist constants 
Ci, C2, and V such that for every x E K and for every t, 

where r is a subadditive norm which is smooth on N \ {e}. 

It is clear that this estimate is not optimal; it follows from formula (2.7) 
below, for example, that if is abelian, a similar estimate holds without 
the term. In the rank-one case the presence of this term does not cause 



6 R. PENNEY AND R. URBAN 

a problem; it is enough to consider x in a compact set. In the higher-rank 
case this term does create difficulties. Our second main result, Theorem 1.5 
below, which plays the crucial role in the proof of Theorem 1.3, is an estimate 
for P'^{t,0) on which does not contain such a term. We conjecture that 
a similar result holds general for nilpotent groups A^. 

In order to state this result let, for a continuous function a : [0, oo) — 
A = M^ 



;i-io) -^^ 



and 

m n 

Ali,As,t) =Y,Al,/s,t), A^y^^{s,t) =Y,A-vA^,t), 

1=1 j=i 

m n 

i=i j=i 

We also set 

A^,n(0,t)=v4^/,n(0,t)Ay,n(0,t), 
A%^^{0,t)=Al,^^{0,t) + A-y^^{0,t). 

Finally, for A; G N, we let 

(II 777.11 \ ^ 

We also let ko be the smallest non-negative integer such that 
(1.12) (adx)'°+'L = 0, VXgo. 

Note that if ko = 0, then o centralizes m; hence is abelian. Thus our 
hypotheses imply that ko > 0. 

Theorem 1.5. There are positive constants C,D such that for all {m,v) G 
N, 

A^,n(O,t)'/'P"(O,t)(7n,70 

<C(||7nf/(2fco) + i + yi^^^(0,t)i/2) 



ilwlP II 777, II "'"^^^ 
X exp I — -D— ; r — D— ; r02fcn (^^i) 
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The proof of Theorem 1.5 is based on our third main result, Corollary 3.5, 
that allows us to decompose the diffusion defined by P^{t,s) on a general 
nilpotent Lie group into vertical and horizontal components, in much the 
same way that formula (1.7) decomposes the diffusion defined by on S. 

1.3. Structure of the paper. The outline of the rest of the paper is as 
follows: 

In §2.1 we recall some basic facts about exponential functionals of Brown- 
ian motion and some estimates for the joint distribution of the maximum of 
the absolute value of the Brownain motion on the time interval [0, t] and its 
position at time t. Next we discuss the skew-product formula for the diffu- 
sion generated by Ca and we show how it splits into vertical and horizontal 
components; that is into a Brownian motion with drift in M'^ and the evolu- 
tion process in A^. We give a formula for the evolution kernels in the special 
case that the nilpotent group is M". Finally we recall the construction of the 
Poisson kernel u on N and its extension z/"(x) to x R'^. 

In §3 we give a skew-product formula for split groups. This result is crucial 
for the proof of Theorem 1.5 in §7. In §5 and §6 we consider diffusions on 
M and V respectively. 

In §8, we prove Theorem 1.3, and finally, in §9 we compare the estimate 
from Theorem 1.3 with our previous results from [17, 18]. 

2. Preliminaries 

2.1. Exponential functionals of Brownian motion. Let bg, s > 0, be 

the Brownian motion on M staring from a G M and normalized so that 

(2.1) EJibs)= [ f{x + a)^=e-^'''^dx. 
Hence Ebg = a and Var bg = 2s. 

Remark. Our normalization of the Brownian motion bg is different than that 
typically used by probabilists who tend to assume that Var bg = s. 

For d > and yU > we define the following exponential functional 

POO 

(2.2) Id,,= / e'^^'^-'^-'Us. 

Jo 

Such functionals are called perpetual functionals in financial mathematics 
where they play an important role (see e.g. [11, 23]). 

Theorem 2.1 (Dufresne, [11]). Let bo = 0. Then the functional J2,^ is 
distributed as (47^/2)~"'^5 where 7^/2 denotes a gamma random variable with 
parameter /J,/ 2, i.e., 7^/2 has a density (l/r(/i/2))a;2~^e~^l[o,+oo)(2^)- 
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The proof of Dufresne's theorem can be found in many places. See for 
example [10, 9] or the survey paper [14] and the references therein. 

The inverse gamma density on (0, +oo), with respect to dx, is defined by 

hf,,-y = C^,^x"^" e""l(o,+oo)(a;). 

As a corollary of Theorem 2.1, by scaling the Brownian motion and chang- 
ing the variable, we get the following theorem. 

Theorem 2.2. Let Bq = a. Then 

/oo / da 

In particular, /2,^ has the inverse gamma density /?.^/2,i/4- 

We will also need the following lemma. 

Lemma 2.3. Let cTu = bu — '2au be the k-dimensional Brownian motion 
with a drift, (i > 0, and let t G (M'^)* be such that £{a) > 0. Then 

where 7 = 2£{a)/t^. 

In particular, the functional gd£{bu-2au) j^^^ inverse gamma den- 
sity h2i{a)/{dP),l/{d?i-^)- 

Proof. It follows from Theorem 2.2. See [17, Lemma 5.4] for details. □ 

2.2. Some probabilistic lemmas. If bt is the Brownian motion start- 
ing from X G M then the corresponding Wiener measure on the space 
C([0, oo),R) is denoted by W^^^. The following lemma follows from formula 
1.1.4 on p. 125 in [1]. 

Lemma 2.4. There exists a constant c > such that for all x < y, 
W,( sup \bs\ >y)< ce-(^-")'/^*. 

0<s<t 

The following two equalities follows easily from the refiection principle for 
the Brownian motion [13]. 

Lemma 2.5. If x > a> 0, then 

Wo( sup bu> a and bt < x) = 2Wo(6t > a) — Wo(6t > x), 

w6[0,t] 

whereas if x < a with a > 0, then 

Wo( sup bu > a and h < x) = 'Wo{bt > 2a — x). 
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V47r y_oo 



on 


Ri, 


on 


R2, 


on 


R3, 


on 


R4. 



Lemma 2.6. For a > 0, x,y E M. with x < y, and t > 0, let 

Ri ={—a < X < y < a}, R2 ={x < y < —a}, 

i?3 ={a < X < y}, i?4 ={0 < a; < a < y}. 

Then 

(2.3) Wo sup > a andhf G [x,y\ j < 

'2$(2^) - 2<l>(^) + 2<l>(^) - 2$(^), 
2$(^)-2$(^) + $(^)-$(^), 

+ a<x<y, 

Proof. It follows from Lemma 2.5 by an easy calculation. □ 
Corollary 2.7. Assume that a > \n\ + 6, 6 > 0, and < s/2 < 6. Then 

s~^Wo{ sup \bu\ > a and bt E [n — e/2,n + e/2]) 
«e[o,t] 

< ^_ (^-{2a-nf/{4t) ^ g-{2a+n)2/(4t)A 

Proof. Let x = n — | and y = n + |. Our hypotheses imply that —a < x < 
y < a. In particular 

< (2a - < (2a - a;)/v^ and < (2a + x)/Vi < (2a + 2/)/v^. 

Hence, from Lemma 2.6, 

£:""'"Wo( sup > a and bt E [n — e/2, n + e/2]) 

ue[o,t] 

< J_ L'{2a-xf/{U) ^ g-(2a+y)V(4t)\ 
~ y/lli V / 

proving the Corollary. □ 
Corollary 2.8. Assume that a > 0. Then 

limsup -Wo( sup \b^l\ > a and bt E[n — e/2, n + e/2]) 



£-*0 ^ u6[0,t] 



■^^-(2a-|n|)2/(4t) 
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Proof. The first statement is immediate from Corollary 2.7. For tlie second 
statement note tliat 

Wo{bt > a and h E [n - e/2, n + e/2]) 

<Wo{bt e [n-s/2,n + e/2]) 



1 



n+e/2 



V47rt J n-e/2 

from wliich the lemma follows. □ 

2.3. Disintegration of the diffusion into vertical and horizontal 
components - skew-product formula. 

2.3.1. Vertical component. Let be defined by (1.6). The process at in 
M^' generated by the operator A^,, i.e, the Brownian motion with drift —2a, 
is called a vertical component of the diffusion generated by C^. 

2.3.2. Horizontal component. Let Coo{N) be the space of continuous func- 
tions f on N for which limx^oof{x) exists. For A" G n, we let X de- 
note the corresponding right-invariant vector field. For a multi-index I = 
(ii, . . . , im), ij G Z+ and a basis Xi, . . . , of the Lie algebra n we write 

= . . ^"4™. For A;, / = 0, 1, 2, . . . , oo we define 

(^(fc,0(]v) = {/ : X^X-^f e C^{N) for every|J| < A; + 1 and | J| < / + 1} 
and 

11/11°,,,)= sup \\X'X-'f\U 

(2.4) ^ 

\\f\\ik,i)= sup wx'x^fiu 

\I\<k,\J\<l 

In particular C^^'^'^N) is a Banach space with the norm ||/||o,2- 

For a continuous function a : [0, oo) — )■ M'^, we consider the operator L°"* 
where is as in (1.8). Let {t/°"(s,t) : < s < t} be the (unique) family of 
bounded operators on Coo{N) which satisfies 

i) ^{3,3) = Id, for all s > 0, 

ii) lim,^o U'^is, 3 + h)f = f in Coo(iV), 

iii) U''{3,r)U''{r,t) = U''{3,t), < s < r < t, 

iv) dsU''{3,t)f = -L''^U''{3,t)f for every / G C(°'2)(Ar), 

v) dtU''{s,t)f = U''{3,t)L'''f for every / G C(°'2)(iV), 

vi) t/"(s,t) : C(°'2)(Ar) ^ C(°'2)(iV). 

The operator U'^{3,t) is a convolution operator with a probability measure 
with a smooth density, i.e., U'^{3,t)f = f*P'^{t,3). In particular, U'^{3,t) is 
left invariant. By iii), P'^{t,r) * P'^{r, s) = P'^it, s) for t > r > s. Existence 
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of U"{s,t) follows from [20]. Notice that from above properties it follows 
that 

vii) U''°^''{s,t) = ^{s + u,t + u), where a o 6'„(s) = a^+u is the shift 
operator. 

In fact V{s,t) := f/'^(s + u,t + u) satisfies i) - vi) with the operator L'^'+". 
Hence, the result follows from the uniqueness of f/'^*+"(s, t). 

A stochastic process (evolution) in N corresponding to transition proba- 
bilities P''{t,s) is called a horizontal component of the diffusion generated 
by Ca- 

2.3.3. Skew-product formula. Let U"{s.,t) and P'^{t,s) be as in §2.3.2. For 

/ G Cc{N X M'^) and t > 0, we put 

(2.5) Ttf{x,a) = BaU''{0,t)f{x,at) = Eaf *N P''{t,0){x,at), 

where the expectation is taken with respect to the distribution of the process 
at (Brownian motion with drift) in M'^' with the generator Aq,. The oper- 
ator [/°"(0,t) acts on the first variable of the function / (as a convolution 
operator). 

We have the following 

Theorem 2.9. The family Tt defined in (2.5) is the semigroup of operators 
generated by L^- That is 

dtTJ = C^TJ 

and 

limT,/ = /. 

f— >o 

We refer to formula (2.5) as the skew-product formula. By now the proof of 
the above statement is standard and it goes along the lines of [8] with obvious 
changes. (In §3 below a more general skew-product formula is proved.) 
In fact everything in this section is valid for a general nilpotent Lie groups 
which is not assumed to be meta-abelian. Furthermore, Theorem 2.9 is a 
special case of the following general situation. Consider the product of two 
manifolds M x N. Let Li be a differential operator acting on M and let for 
every a G M, ^2(0) be an operator acting on A^. Let L be a skew-product of 
Li and L2{a). That is L is the operator on A^ x M of the form 

L = Li + L2{a). 

Then it is natural to expect that the semi-group Tt generated by L is given 
by (2.5), where the expectation is taken with respect to the diffusion at on 
M generated by Li and f/°"(0,t) is the evolution generated by L2{at). The 
idea of such a decomposition of the diffusion on A^ x M goes back to [15, 16] 
(see also [21]). 
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2.4. Evolution equation in M". Let 



n n 



(2.6) 



i,j=l j=l 



be a differential operator on C°^(]R"), where di = and a(t) = [ajj(t)] is a 
symmetric, positive definite matrix and the Cjj and bj belong to C([0, oo), M). 
For s <t, let f/ (s, t) be the unique family of operators on Coo(IR"') satisfying 
conditions (i)-(vi) on page 10 where L""' is replaced by L*. Our goal in this 
section is to compute the corresponding convolution kernel P{s,t). 



Proposition 2.10. Let A = [Aij] and B = {Bi, B2, . . . , B^f. Then 



Let 




(2.7) 



P{t, s){x) = (27r)"t(detv4)-^e-^(^"'("-^)H"-^). 



Proof. For G Coo(K") n L'^{W), we write 



f{x,t) = U{s,t)Ux) = fo*PtA^). 



We note that 



dtf{x,t) = L'f{x,t), t>s, 



We form the Fourier transform concluding 




The above equation is easily solved: 



/(^, t) = exp 




Forming the inverse transformation proves the proposition. 



□ 
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2.5. Poisson kernel. We return to the context of §1.2. Let fit be the 
semigroup of probabihty measures on 5* = xi generated by It is 
known [5, 9] that 

hm(7r(/it),/) = (z/, /), 

I— ^oo 

where tt denotes the projection from S onto and (/i, /) = {fi, /), f{x) = 
f{x~^). Let a G M'^ and let /i be a measure on A^. We define 

(/i^/) = (/i,/oAd(a)). 

For a G M*^ we have 

(2.8) i/"(x) = u{a~^ha)x{a)-\ x e N, 

where x is as in (1.4). 

It is an easy calculation to check that 

(2.9) lim(7^(/i,)^/) = (^^^/). 
We need the following 

Lemma 2.11. We have 

(7^(/ii)^/) = (E,P'^(^,0),/). 

Proof. This equality follows from Theorem 2.9. See [17, Lemma 4.1] for the 
details. □ 

By (2.9) and Lemma 2.11 it follows that 

(2.10) (z/^ /) = hm (7^(/i0^ /) = lim (E,P'^(t, 0), /). 

t— >0O I— >oo 

3. Diffusions on split groups 

In this section we follow the notation of §1.2 except that we do not assume 
that either M or is necessarily abelian. We let 5*0 = xi S* considered as 
a subgroup of S. We denote the general element of S by 

g = (m, V, a) = (m, x), g & S, m E M, t> G V, x E So- 

Choose Ho and rrio so that {Yi, . . . , Y^^} and {Xi, . . . , respectively, 
generate m and 0. Let 

mo 

1=1 

rio 

1=1 

Ln = Lm + Ly, 
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where Ci,di G M. We then define 

Do = + Ly, 
D = A^ + Ln 

considered as elements of the universal enveloping algebra 2l(s) where 
is as in (1.2). 

For g e S and X e 2l(s) we let 

= Ad{g)X. 

We consider the diffusion defined by Do on So as the vertical component and 
that defined by Lm on M as the horizontal. Explicitly, for any topological 
space X we let fix = C{[r, oc),X) and Qx = f^x- Then for r G the 
operator L\j = L]^P , considered as a left-invariant operator on C°°(M) 
produces an operator Ulj{s,t) on Coo(M), < s < t as on p. 10. We write 

J M 

where dy is Haar measure on M. The equality 

Ulr{s,r)Ult{r,t) = Ul,{s,t), 0<s<r<t 
is equivalent with the Chapman-Kolmogorov equation, [2, (15.8), p. 320], 

/ <'^(y, zXr(z, x)dz = <l'^(y, x). 

J M 

For each r > and m G M, there is a corresponding Markov process 
with state space fi^^ and a probability measure W^.'^. We omit r from the 
notation when it is 0. 

In particular, for t„ > tn-i > ... > ti > r and the function /(r) = 
^('^(^n),r(t„_i),...,r(ti)), 

(3.1) / f{r)dW'J:;{r) 

= / i^ff£_^(x„, x„_i) . . . Kff ;^{xi,m)h{xn, Xn-U . . . , xi)rfx„ . . . dxi. 

Similarly, we denote the respective transition kernels for Do, D, Aq on So, 
S and M''' by K°s, Kt^g, and K^^ respectively. The corresponding operators 
are 

U°{s,t) = e(*-^)^°, U{s,t) = e(*-^)^, and U^{s,t) = e^*"^)^". 

We denote the corresponding measures on Qg^, Qg and by Wf.°^, 
and W;^^ respectively where x = {v,a) ^ So and m E M. 
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The following proposition is an extension of Theorem 2.9 to the case where 
So is non-abelian. The proof follows [8]. 

Proposition 3.1. For f e Coc{S), 

U{0,t)f{m,x)= [ (f/X,(0,t)/)(m,r(t))rfWf°(r)=To,i/(m,x). 



In the proof of Proposition 3.1 we will need the following lemma. 
Lemma 3.2. 

ToJ{m,x) = [ f/°(0,t-n)|,[L^,|^^To,„/(m,i/)](x)dn+(f/°(0,t)/)(m,a:) 
Jo 

where the subscript indicates the variable on which the operator operates. 
Proof. 

(ro,J-t/°(0,t)/)(m,x) 

t/X,(0,t)/(m,r(t))rfWf°(r)- / f/I,(t, t)/(m, r(t))rfWf°(r) 



JSo 

t 



j Ul,{t-u,t)\lZlf{m,T{t))dW^,"ir) 
- 1 l^d^Ul,{t-u,t)f{m,T{t))dudWl''{T) 

LT'^^Ul.it - u,t)f{m,T{t))dW'^''{T)du 
£ I -"(°)f/i;'-"(0, w)/(m, r o dt.uiu))dWl''{T)du 
Ll,UlM u)f{m, r(«))rfWf (r)i^(V„)(x, y)dydu 
U°{0,t- u)\y[Llj\mTuf{m,y)]{x)du. 

Proof of Proposition 3.1. From Lemma 3.2 

9iTo,i(/)(m,x) =dt [\°{0,t-u)\y[Ll,\rnTo,J{m,y)]{x)du 
Jo 

+ dtiU°iO,t)f)im,x) 
=Ll,\^To,tf{m,x) + D\To,tf - U%0,t)f){m,x) 

+ D"U°{0,t)f{m,x) 
=LMTo,tf{m, x) + D^To^tfim, x), 



□ 
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where Lm is Lm considered as a left invariant operator on S. This proves 
Proposition 3.1. □ 

We may express ^ in terms of Wf° and W^. Recall that for r G ^So^ 

Tt _ Tr[t) 
— ■ 

Let / G C{S). Then, by Proposition 3.1, we have^ 

/ /(r(t))rfW^,,(r) = / Kt,oim,x;l,y)fil,y)dldy 

J Us JmxSo 

(3.2) =/ ([ K^i'i^;l)fil.v{t))dl)dW',"{r^) 



Note that (/i, 77) G ^5. This suggests the following: 
Theorem 3.3. 

(3.3) / f{r)dWl,{r)= I [ /(/i, r/)rfW^^'''(/i)rfWf°(r/). 

Hence 

Wl.(/i,r/) = Wf'^(^)Wf°(r/). 

Proof. We have the following proposition, where W^;^ is the measure corre- 
sponding to any general Markov process ^{t) on VL%^ (with ^(s) = w). This 
is a restatement and generalization of Lemma 4.1.4, p. 189 from [19]. 

Proposition 3.4. Suppose that for s < t, 

f[r) = h{T\is,t],r\[t,oo))- 

Then 



/(r)rfW^,.(r) = / / /i(V;,^A)rfW^(i),i(V^)rfW^,.(V^). 

Let g = {m,x). The right hand side of (3.3) defines a measure on Qs 
which we temporarily denote W^. The sequence of equalities (3.2) prove 

that W^^(/) = (/) for fir) = /i(r(t)). 
Suppose that 

/(r) = Mr(ti),r(t2)). 



"^dl denotes rz(?/it- invariant Haar measure on So- Hence dldm is right- invariant Haar 
measure on S. Expressing densities with respect to right-invariant measure is not a 
problem as long as we do not write our kernels as convolutions. It has the convenience 
that the measures split in the semi-direct product decomposition. 
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Then with t = {^,1]), w = (m, x) and < ti < t2, 
(3.4) 

/ h{T{t,),T{t,))dWUr)= [ [ Mr(ti),r(t2))rfWf(,^),^(r)dW^(f) 
I [ /i(/i(ti),r/(ti),r(t2))rfWf(,^),^(r)rfW^^'^(/i)rfWf°(r/) 



We wish to combine (3.4) into a single t] integral. We write (3.4) as 

JnsJnX 



where 



m,v)= [ I /i(/i(ti),r/(tO,/^(t2),r/(t2))ciW^f;;'),,(/i)rfW^'''^(/i). 



As a function of i], h depends only on ?7|[ti,oo)- The rj dependence is also not 
problem since 

/i(/i(ti),r^(ti),/i(t2),r/(t2))ciW^'''^(/i) 

h{y, f]{ti),f^{t2),v{t2))K^^;o{m, y)dy 

So 

which depends on r/|[o,ii]- Hence 

h{T{t{),T{h))dWi{T)= I I Hiv,v)dWll ^^iv)dW'/iv) 



i7(r/,r/)rfW^°(r/) 



So 



/i(?7(ti),/i(ti), 77(^2), /i(t2)) 

So •J^'-M >'i'jv/ 



M,r] 



dw^^^^J^,)dw'^'T^)dwi''{v) 



hivih), /i(ti), r^it2),fi{h))dW'y{fi)dW'^^{r^) 
as desired. The general case follows similarly. □ 
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For a E ^l^, and (m, x) E M x V, let W^f''^, W^'^ be the measures on 
and respectively defined similarly to the definition of W^''''°". 

Corollary 3.5. For a.e. a with respect to and (/i,7) E fl^^ x fl^ , 

W,^^(/i,7) = W,t^'^-(/i)Wr-(7). 
Proof. Theorem 3.3 implies: 

W^,.,,(/i, 7, ^) = W^^'^"^(/i) Wf;,(7, a) 

= W^^'^-(^)Wr-(7)Wf(a). 
On the other hand, Theorem 3.3 also implies 

Wl.,,(/i,7,^) = W^;^(/i,7)Wf(a) 
which proves the corollary. □ 

The following result is the analogue of the skew-product formula (2.5). 
Corollary 3.6. For a.e. a with respect to 

K^q" {m, X] mi, xi)/(mi, Xi) dniidxi 

N 

= [ <^'^''^(m,mi)/(mi,7i)dmidWr''^(7). 

Proof. This is immediate from Corollary 3.5 and (3.1) with n = 1. □ 

4. Meta-abelian groups 

Let notation be as in §1.2. We consider a family of automorphisms 
{$(a)}(jgiRfc of n, that leaves m and D invariant. We identify linear transfor- 
mations on n with [m + n) x {m + n) matrices, allowing us to write 



$(«) 

where 



S{a) 
T(a) 



S{a) =diag [e«^('^),...,e«'"('^)] , 
T(a) =diag [e''i('^\...,e''"('^)] . 
We denote the diagonal entries of S{a) and T(a) by 

Si{a) =e^^^°'\ 2 = l,...,m, 
t,(a) =e''^('^), j = l,...,n. 
Let 0" be a continuous function from [0, +oo) io A = M'^, and denote 
(4.1) $'^(t) = $(a(t)), S'^it) = S{a{t)), T'^{t) = T{a{t)). 
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For Z e n let 

Z{t) = 

and consider 



(4-2) 

thought of as left-invariant differential operators on M and V respectively. 
For ^; e let 

m 

(4.3) /:^,(tr = ^(Ad(^;)F,(t))^ 

Then 

£f v) = Cv{t)lf{m, v) + £MW1,n/K v), te M+, 

is a family of left invariant operators on depending on t G M^. Our aim 
is to estimate the evolution kernel P"{t^ s) for the time dependent operator 

5. Evolution on M 

We choose coordinates Ui for M for which Yi corresponds to di = dy., 
1 < i < m. Let f] G C([0, oo), V) and consider the evolution on M generated 
by the time dependent operator 

m 

ci,{tr = j2{Ad{m)Y,{t))\ 

i=i 

Then 

m 

Ad{v{t))Yj{t) = Ad(r/(t))$(t)F, = Y,^P,^k{m, 

k=l 

and consequently, 

m mm 

{Adm)Y,{t)f = ^ Y.'^,,{t)^i,it)Y,Yi 
j=l k,l=l j=l 



kl=l 
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where ip(t) = H'ijit)] is the matrix of of the operator Ad{ri(t))^"{t)\M- Thus 
the matrix [a^] from (2.6) for the operator Cljlt)"^ is 

[a^^(t)] = 2[Adm)S-mAdm)S-{t)]\ 

where the adjoint is in the yj coordinates. Let 

J s 

For a. d X d invertible matrix A we set 

B{A){x) = ^A-^x-x and V{A) = (27r)-^(det A)-^ 

It follows from Proposition 2.10 that the evolution kernel K^ l''^'^ for the 
operator C^^^it)^ is Gaussian, and in our notation, is given by 

K^lf'\m\m^) = ViA^^fit, s))e~s(^M m\m^ e M = M'". 

We will need the following two lemmas: 

Lemma 5.1. Let A be a positive semi-definite symmetric matrix. Then 
where is the i"^ — ?■ i'^-operator norm. 

Proof. Let A = C^, where C* = C. Since \\A\\ = max^ Aj where Aj > are 
the eigenvalues oi A, \\C\\ = \\A\\2 . Then 



>i||C||-2||xf = -||A||-ix||2. 
-2 2' 



□ 



Lemma 5.2. Let M and D be square matrices and let 

A 



M B 
C D 



//detM ^ then detA = detMdet(D - CM-^B). 

Proof. See e.g. [24]. □ 

Now we prove an upper bound on t)) that is independent of rj. 

For simplicity of notation we identify M, V , and, N with m, t), and n 
using the exponential map. 
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Lemma 5.3. There is a constant C > such that 

1/2 



-1/2 



where are the entries of the diagonal matrix S'^{t) defined in (4.1). 

Proof. We omit the t and a dependence for the sake of simphcity. From the 
lower triangularity of the adjoint action of n, for X e n = A^, 



ad 



X 



Xo 




Adx = e' 



ad ; 



v{xy 1 



where the Xo is an (m — 1) x (m — l)-matrix and f is an (m — 1) x 1-column 
vector. 
Then 

(5.1) 
Let 



Adx S =e 



ad ; 



"^0 0" 




' e^^So " 


Sm 




v{XySo Sm_ 



Thus 

where 
Hence, 

where 



Adx ^(Adx Sy 



v{xyso. 

^^''SoSie^o 



G 



G = e^°SoF = e^''SoS'^v{X). 



A'^''^{s,t) 



B 



5* A + E 



Ao 
A 



"^''^So{u)So{uye''''^''^'du, 



s1{u)du, 



B 
E 



G{u)du, 



\F(u)\^du. 



From Lemma 5.2, 

det Aiy{s, t) =(det Ao){A + E- B'A^^B) 

= (det Ao)A + (det Ao){E - B'A-^B) 

\A B 
= (det Ao)A + det ^ ■ 

The determinant on the right is non-negative since it is the s^, = case of 
formula (5.1). Hence, 

detyl^''(s,t) > A(det Ao). 
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Our result follows by induction. □ 
Now we estimate the operator norm of the matrix 

(5.2) A^^(0,t) = [\Adiv{u))S-iu)] [Adiv{u))S'^{u)fdu. 



j=o •> 



Lemma 5.4. Let t] = r]{u) = (?7i(n), . . . ,rin{u)) be a continuous function. 
Then there exists a constant C > such that 

PX?(0,t)ll <C(1 + A^(0,t)2'=°)^ / s'^iuydu, 

where 

PC^{s,t) = sup ||?7(u)||. 

s<u<t 

Proof. We note first that for X E n, 

, ^ (adx I y 

Adx =y^ 

I m / -I 

(5.3) 

IIAdxLlI <C(l + ||adx 

< C"(l + ||X||)^°. 

Our result follows by bringing the norm inside the integral in (5.2). □ 

6. Evolution on V 

Recall that we identified V with M". The matrix T^'it) = $''(t)|y is of the 
form 

r'^(t) = diag [e''^('^W),...,e'^"('^W)] , 
where, 'di, . . . ,'dn E (M")*. Now we consider the evolution process r]{t) on V 
generated by 

n n 

CUt) = Y^X,{tf = Y^{T^{t)X3? 
(see the notation introduced in (4.2) on p. 19). Thus, since Xj = d^j, 



^2 



The matrix at = [aij{t)], defined in (2.6), for Cy(t) is equal to 

a^{t) = 2r"(t)r"(t)* = diag [e'^'i^'W), . . . , e''^"^"^*"] . 
Let bt be the 1-dimensional Brownian motion normalized so that 
W,.(6, e dy)=pt{x,dy) = ^_L_e-(-J')V4trf^. 
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Then, by (2.7), 

(6.1) Klf{x,dz)= Yl pjt^2i>^(.(u))^Jxj,dzj). 

Thus the process ri{t) generated by Ly has coordinates rij{t) which are 
independent Brownian motions with time changed according to the clock 
governed by a. Let 

(6.2) ^y(0,t) = / a^{u)du. 

Jo 

Since Ay{0,t) is diagonal we see 



(detA^(0,t))-i/2 ^ (jlj^ e2''^('^("))rfu 



(6.3) ^ ft 

\\MM\\< 



= ^^,E(0,t). 

7. Estimate for the evolution on 

In this section we estimate the evolution kernel on N = M >i V. Denote 

P''{0,t){m,v) := K''{0,t){0,0;m,v). 

The main result of this section is the following estimate where ko is as 
in (1.12). 

Theorem 7.1. There are positive constants C,D such that 
AX^,n(0, t)^^y,n(0, t)^P"(0, t)(m, v) < 
C(||m|| 2^ + 1) exp 



^y,s(0,i) (||m||^ + \\v\\ +2)2fc°A^^^2(0,t) 
+ CA^y^^iO,ty/'exp(-D^ 



mil fco + llf IP 



^y,E(0,t) 

Proof. We allow the constants C and D to change from line to line. By 
Lemma 5.1 and Lemma 5.3, 

<^''^'''(m\ m^) =P(A;^''(t, s))e-^(^I}''(^.*))(™^-™') 
(7-1) ||ml-y|p 

<CAlj^{s,t)-'/^e ^^17^. 
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For E M and G V, 



K''{0,t){m\v\m\y)ij{y)dy= J Kiy''^{m\m')^{r)it)) dWy{r,) 

/\\m^—m^ 11^ 



Then, by Lemma 5.4, 

(7.2) A^,n(0,t)'/' / P''{0,t){m,v)^iv)dv 



For G M'^ given and e > 0, let 

^,(-)=e-"lB.(.)(-), 

where 

n 

= n (^'i) and Bliv,) = [vj - e/2, v, + e/2]. 
j=i 

We will estimate (7.2) with ipi; in place of ^/^ as e tend to zero. 

Let denote expectation with respect to dW^'^^^r]). For A; = 1,2, ... , 
define the sets of paths in V, 

Ak = {v-k-l< A''(0,t) = sup Mu)\\^ < k}, 

0<u<t 

where by || ■ ||oo we denote the maximum norm ||x||oo = niaxi<j<„ \xi\. The 
integral on the right in (7.2) can be written as an infinite sum and estimated 
as follows 

°° ( D\\mP \ 

E^^e^P - n-^A.rn A2kAA<^..(^ A UmUM 



(7.3) 



oo 



k=l 

To simplify notation we introduce 

Z^llmlP 



l + A^(0,t)2'=«)AX,,s(0,t) 
D\\ni\\^ 



Ck = exp 



Sk{e) = E'^Mr]{t))UM = e-^Wl''' (r/ G A and r,{t) G B,{v)) . 
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Let V and choose e/2 < ||f ||oo- If r] ^ Ak and rjit) G Bs{v) then 
||'7(^)||oo > IK'lloo - £^/2. Hence, 

(7.4) £fe = for < \\v\\oo - s/2. 

Let, for /c = 1, 2, 



L, ^, . . . , 



A'?.(0,t) = sup \rij{u)\ and ^{ = {r/ : - 1 < A''^(0,t) < k}. 

0<u<t 

Since the coordinates f]j(t) of ?7(t) are independent, we can estimate 
(7.5) 

Sk{e) = e-^Wl" {r] G A and r]{t) G 5,(t;)) 

n 

^ W^'" (r/ G and r/(t) G 5,(t;)) 

n 

=5- 5^ Wo^'- G and r/,(t) G 5,^(1.,)) W^^"^ (r/,(t) G Bl{v,) for z ^ j) 

n 

= 5^e"iWo (r/ G and 7],(Ar,,(0, t)) G 5l(t.,)) x 



xJIl^^'Wo (r/.(A^,(0,t))Gi?,^(tO)) 



Lemma 7.2. Assume that a > ||f ||oo + 5, 5 > 0, anc? < e/2 < 6. Then 
e-^W^'^ sup Mu)\\oo > a and 7]{t) G B,{v)) 



n 

i=i 

Proof. Reasoning as in (7.5) we see that the left side of the above inequahty 
is bounded by 

-1/2 

sup |'7i(w)| > a and ?7j(ylyj(0, t)) G -B^l 

\«6[0,A-/0,t)/2] 

By our assumption it follows that for every j, a > \vj \ + 6. Hence, the result 
follows by Corollary 2.7. □ 
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Let 

oo 

/ = I{e) = ^CkSk{e). 

k=l 

Lemma 7.3. We have 

AX,,n(0,t)^P'^(0,t)(m,i;) <C/, 

where 

/ = limsup ^ CkSk{e). 

'^^^ k>\\y\\ao 
Furthermore, the sum converges uniformly in e. 

Proof. The inequality follows by letting e tend to in (7.3). The uniform 
convergence follows from Lemma 7.2. □ 

Let Uo be the smallest natural number such that Uo > ||f ||oo- 

Lemma 7.4. We have the following estimates 



limsup^„„(£) < CA^^n(0,t)"'/'e- 

e->0+ 



-l/2^-|bllL/2A^s(0.i) 

while for k > Uo + 1, 

limsup£fc(e) < CA'^^{0,t)-^/^ exp 



oo / 



(0,t) 



Proof. Consider £ng. Let j G {1, . . . ,n} be fixed. Suppose first that \vj\ < 
Uo — I. Then, using Corollary 2.8, the j-th term in (7.5) (with k = Uo) is 
dominated by a multiple of 



Notice that \vj\ cannot be equal to ||'y||oo- Thus we are done in this case. Now 
suppose that \vj\ > no — 1. Then, using Corollary 2.8 again, we dominate 
the j-th term in (7.5) by a multiple of 



The result for Sq follows. 

Now we consider Sk- Since k > Uo + 1 it follows that k — 1 > \vj\ for every 
j. Therefore, by Corollary 2.8 the j-th term in (7.5) is estimated by 
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□ 

Next we estimate I = lim supg_j.o+ J2k>\\v\\.:^ CkSki^)- From Lemma 7.4 
(7.6) 

"^0+ V fc>no+l / 



<C exp 



L DWmP 



For a, b non-negative a + b > -\/a?~+~P^. Also, for k > rio + 1, 

{k -1) + {k -1) - \\v\\oo >no + {k-l- \\v\\oo), 

k -1 - \\v\\ryo >no- \\v\\oO > 0. 

Hence the summation in the last line of (7.6) is bounded by 
.7 7. ( D\\mr _ (n. + (fe-l)-||.|U^ 

■ .ir+i V ^''°^M,E(o,t) 2A-^,^(o,t) 

.ir+i V ^''°^M,E(o,t) 2A-^,^(o,t) 

We split the sum in (7.7) into two parts: Ug + 1 < k < Uo + ||m||^/'^^'^°) and 
k > Ho + ||m||^/'^^'^°\ and estimate the corresponding parts by the following 
two terms. 

D\\mf 



|m|| 2*^0 e ^.^ exp 



+ ||i;|U + 2)2fc°AX,,_s(0,t), 



and 



e"^^ ^ exp^ ^""^11' _(A:-l-n.)^ 



1 



fc>no+||m|| 2fco +1 

The above expression is bounded by 



PAX,,s(0,t) 2A-^(0,t) 



"o /-OO ||m|| fco 

J ||m|| 2fco 

Theorem 7.1 follows. □ 
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7.1. Proof of Theorem 1.5. To simplify our notation we set 

^3 = A^,s(0,t). 

It follows immediately from Theorem 7.1 that there are positive constants 
C and D such that in the region ||f || < ||m||2fc^, 

AoP^iO,t)im,v) 

< C(||mf + 1) exp (-^^ - D^^<P2kM?) 

+ CAfexp f_z,L-ll'''^° + 11-11' 



A, 



1 



while in the region ||f || > HmH^fco^ 

|^||l/feo _|_ ||^||2' 

a[ 

Since 02fco("^) ^ 1; ^ ^3 ^^^d /I2 < A3, Theorem 1.5 follows. 



8. Upper estimate for the Poisson kernel 

Let v{x) = v{m,v), m G M™, v G M", be the Poisson kernel on for the 
operator in (1-6). Recall that we assume that 

\{a) > for all A G A. 

Hence a belongs to the positive Weyl chamber A~^. The operator gen- 
erates the Brownian motion with drift —2a, 

(j{u) = h{u) — 2au, 

where b{u) is the fc-dimensional standard Brownian motion normalized so 
that Vaxbu = 2u. 

Let v"" be as in (2.8). We also use the notation introduced in (1.5). 

Theorem 8.1. For all compact subsets K ^ e of N, all p & A"^, and all 
e > there exists a constant C = C{K, p,e) > such that for all all s < 0, 

ifxeKn {(f){m) > e, \\v\\ > e}, 
(8.2) u'P{x) < Ce-P'^^'p'^e'^^^P^^^^''^ if x e K n {\\v\\ > e} 
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and 

(8.3) v'P{x) < Ce-'"'('^)e'^'^('')^^(") if x e K n {0(m) > e}, 

where (f){m) = 02feo('^) is defined in (1.11). 

Proof. First we consider elements x = (m, v) from the set 

Ki = K n {{m,v) : 0(m) > e}. 

Let Aj be defined as in (7.8) but with t = oo. By Theorem 1.5, we have 
(8.4) 

< CE,,A^' exp - + C^E.^Ao^A}/^ exp ("^ " • 

We estimate the first expectation on the right. 



E.A- exp^----j 
(8.5) < {E^A^ry/' (E.,exp (-^ - ^) 



1/2 



< (E.,(Ao-)^)^/^ (E.,exp (-^))''' (E.pexp (-^))'''- 

By the Cauchy-Schwarz inequahty we get, 

Esp{Aq^Y =Esp(^M,n)"^(^y,n)~"^ 

(8.6) =e-''"'^''^Eo{Al,^^)-\A-y^^)-' 

<e-2po{.p)(E,(AX,,n)-')'/'(Eo(A^,n)-')'/'. 

Since, by Lemma 2.3, the expected values Eq{A1jj)~'^, j = 1, . . . ,m, and 
Eo(^yj)~'^, i = I, . . . ,n, are finite for all d > 0, we can apply the Cauchy- 
Schwarz inequality successively to each of the remaining expectation in (8.6) 
and conclude their finiteness. 

Now we consider Espexp{—4:Di/ Ai) and E^p exp (—4/^2/^3) from (8.5). 
Clearly, 

(8.7) E,pexp(-4Z}i/Ai) <Eo exp(-4Z}i/(M(sp)Ai)), 
where 

M(sp) = maxe^^^'P'^ = e^^^'^^e® = e^^^^Cp), 

Proceeding exactly in the same way as in the proof of [17, Lemma 6.2] we 
show that (8.7) is bounded by 

(8.8) CM(sp)'^e(°) = Ce^'''^^p'^^^^°'\ 
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The expectation E^p exp(— 4/^2/^3) is similar. Again, in the same way as 
in the proof of [17, Lemma 6.2] we show that E^p exp(— 4/^2/^3) is bounded 
by 

where 



MAsp) = maxe^^^"") = e^'^^^''^ 
AeA 

Hence, 



E,pexp(-4D2M3) < C'e2^7A(p)7AW. 
Now we estimate the second expectation on the right in (8.4). 

w:-exp(-ii-i^) 

<i:E.,A.-<exp(-^-£) 

D D 



EE^P^Snn^v,f exp 



7 = 1 fc^i ^ ^ 



Since s < 0, 
To estimate 

-c^ .-1/2 -TT <-l/2 f D D 



we proceed as in (8.5) and (8.6) and get the same estimate. Hence, the 
estimate (8.1) holds on K^. 

Now we have to consider the set 

K2 = Kn{{m,v) : llt^ll > e}. 

On this set (8.5) simplifies and, using Lemma 2.3, (8.6), (8.7) and (8.8) as 

above, we get 



E^pAo^exp (^-^^ < {BsMo'fY^' (s.pexp 



A, 



<g-po(sp)gS7e(p)7e(a) 
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As in the previous case the second expectation in (8.4) has the same es- 
timate. Hence, the estimate (8.2) holds on K2- Finally, we consider the 
set 

K^ = Kn{{m, v) : </)(m) > e]. 

Then 



E.pAo^exp (^-^^ < {^,p{A^'fy'^ (^E,,exp 

<g"Po(sp)gS7A(p)7A(")_ 



2A 



1/2 



Again, the second expectation in (8.4) has the same estimate. Thus (8.3) is 
proved. □ 

8.1. Proof of Theorem 1.3. Having Theorem 8.1, we use the standard 
homogeneity argument as follows. 

Proof of Theorem 1.3. It is clear that for x & N with the norm \x\p < 1 
we have z/(x) < Cp. Let 5f = Ad((logt)p). Then |5fx|p = t\x\p. Let x = 
^exp{-s)^o with |xo|p = 1 and s < 0. Then \x\p = e"" > 1. Let K = {xq : 
l^olp = 1}. By definition (2.8) of u'^'', we get 

K^) = KCp(-.)^o) = u{{sp)-'xo{sp)) = e'^^^'^^u^^ixo), 
where po = -^j + and the result follows from Theorem 8.1. □ 

9. Example 

Consider = "H^, the 2n + 1-dimensional Heisenberg group, which we 
realize as M" x x M with the Lie group multiplication given by 

{xi, yi, zi){x2, y2, Z2) = {xi + X2, yi + y2, zi + Z2 + xi- 2/2)- 

The corresponding Lie algebra f)n is then spanned by the left invariant 
vector fields 

Xj = dx^, Yj = dy^ +Xjdz, Z = 

where I < j < n. Let A = and let ^ij, ^2,j, 6 e (M'')*, 1 < j < n, be 
such that 

independently of j. For x G M", a G M'^', and z = 1, 2, we set 

e«'(»)x = (e«'-i('^)xi, e«-2(")x2, . . . , e«-"(''^x„). 
We then define an A action on Tin by automorphisms of T-Ln by 

a{x,y,z)a-^ = {e^'^^^ x , e^^^""^ y , e^^^^^ z) , 
We then let ^ = x A. 
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Let Xj, Yj, and Z be, respectively, Xj, Yj, and Z considered as left 
invariant vector fields on S. Then 

Xj = e«^'^(")Xj-, Yj = e^^-^^'^Vj, Z = e^^^'^'Z. 



We set 



n 



{9.1] 



where A„ is defined in (1.2). 

Example. Consider the operator defined in (9.1) on "H^ with A = 
and ^ij = (1,0), ^2,j = (0, 1). Theorem 1.1 gives 

i^(a;,i/,2) < C(l + |(x,?/,2;)|p) * 

where 

7(a) = 2min(ai,a2) 

for some constant Ci which depends on p and can be computed. Take 
P = (1, 2). We have po = Ej 6j + Ej 6,i + 6, where ^ij(a) = a^, 2 = 1, 2, 
j = 1, . . . , n. To compute Ci we proceed similarly as in [17, Example 1] and 
get 

T^{x,y,z) < C{1 + \{x,y,z)\p) 5 . 
whereas Theorem 1.3 gives, for example for (j){y,z) > 1 and > 1, 

i'{x,y,z) < C(l + \{x,y,z)\py- 5 . 
Similarly, Theorem 1.2 gives 

Kx,2/,z) < C,(l + |(x,2/,^)U)-f(-'"("-"^»^ 
whereas Theorem 1.3 gives, 

2 2 

u{x, y, z) < C(l + \{x, y, z)\p)-^-^ 

for (j){y, z) > 1 and \\y\\ > 1, which is again a better estimate if we take for 
example an operator with ai^/^ — 1 < a2- 
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